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Coincidence Problem and Combination Resonance

F. C. L. Fu*
Boeing Commercial Airplane Co., Seattle, Wash.

and
S. Nemat-Nassert

Northwestern University, Evanston, III.

The similarity between coincidence problem in jet engines and combination resonance in the classical theory of
parametric excitation is pointed out. The results corresponding to the deterministic excitation are generalized to
include the stationary narrow-band Gaussian random excitation, and in this manner the similarity between the
combination resonance caused by harmonic excitations and that induced by narrow-band random excitations, is
illustrated. Finally, simple stability criteria are given in power series of a small parameter e, and the first-order
terms are explicitly calculated.

I. Introduction

THE high-pressure compressor of a jet engine includes
labyrinth air seal systems (see Fig. 1). In the past some of

these systems have failed due to the so-called "coincidence"
problem. Mathematically this problem can be stated in the
following way. First, let o)R be the natural frequency of the
rotating seal; UR is a function of the number of nodal
diameters k and the natural frequency of the static seal ojs,
which itself is a function of the number of nodal diameters k.
Then, if 0 is the rotating speed of the rotor, the coincidence
occurs for the condition^

Today it is a standard practice in the development of both
military and commercial jet engines to avoid this coincidence
condition in the operational range, as one of the design
criteria.

Consider now the classical theory of parametric excitation.
It is well known that the so-called combination resonance
occurs if the following condition is satisfied2

l =kO (2)

where coa and o^, a7±(3, a,/3 = l,..., n, are the natural
frequencies of the system, and 6 is the excitation frequency.
Comparing Eqs. (1) and (2), we immediately recognize the
similarity between coincidence problem in jet engines and
combination resonance in the classical theory of parametric
excitation. Remarkably, we also know that the combination
resonance of the first kind, i.e.,

= kO

may not occur if the excitation force is nonconservative; see
Refs. 2-6. For this class of excitation, only the second kind;
i.e., lwa — W0 I =kQ, a7±$, a,(3= !,...,«; may take place. As is
known, aerodynamic forces are of nonconservative nature.
Hence, in the actual test, we have never observed the coin-
cidence of the kind uR+us=kO in jet engines. This
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$In practice this coincidence is avoided as a design condition.

Traditionally, coincidence problem has been investigated from the
point of view of the traveling-wave vibration. !

remarkable similarity between these two problems is in-
teresting enough to be further explored. The purposes of this
paper are to 1) point out the similarity between these two
problems in an effort to bring two groups—the practicing
aerospace engineers and academic researchers—together so
that each group can benefit from the other's experience; 2)
generalize the results corresponding to the deterministic
excitation to include the stationary narrow band Gaussian
random excitation in order to illustrate the similarity between
combination resonances caused by harmonic excitations and
those induced by narrow-band random excitations; and 3)
provide simple stability criteria. These criteria appeared in the
first author's dissertation,7 where general systems with n
degrees of freedom have been discussed. For a two-degree-of-
freedom system, similar results have been obtained by Wedig
in Germany.8 Also, Ariaratnam9 has reported similar results
for a general system with n degrees of freedom. The results
reported here are slightly more conservative than Ariarat-
nam's results, but up to the first order of magnitude in a small
parameter e, the differences are negligible. Since our criteria
are simpler, we believe that the results are worthy of con-
sideration.

In Sec. II, a mathematical model for structures subjected to
stochastic and harmonic excitations is stated. In Sec. I l l , the
basic results for a narrow-band Gaussian random excitation
are summarized and compared with those of the classical
theory of harmonic excitation. A brief discussion relating to
the analysis of random excitations is presented in Sec. IV, and
in Sec. V a simple example is given for illustration. Two
appendices are attached to this paper. In Appendix A, we
compare our stability conditions with those given by
Ariaratnam,9 and in Appendix B we prove a subsidiary result
which is used in Sec. I I I .

Stat ic Seal

Stator Blade

Fig. 1 Labyrinth air seal systems.

Rotor Blade
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II. Mathematical Model
Through either finite element technique10 or other

methods,n many dynamic problems of structural systems can
be described by the following discretized equations

than the absolute value of the differences of any two natural
frequencies of the structure, i.e.,

Aco< lcoa — co I a^/3 a,(3 = l,...,n

<* = /,...,/! (3)

where x= { x a } is a set of generalized coordinates; C= [Ca0] is
a time-independent matrix with positive diagonal elements;
p=[paf3] is a time-independent matrix; da(3 is the Kronecker
delta; co^, /3 = l,...,/i, are the natural frequencies of the
structure, which are assumed to be distinct, i.e., coa^co^ if
a T±& for all a and ft* e, (0 < e < 1), is a small parameter which
indicates that damping and the time variations of the ex-
citation forces are small in magnitude; and r ( t ) is either a
harmonic function [i.e., r ( t ) =cos0/] or a stationary Gaussian
random process with zero mean.

For simplicity, we assume that the initial disturbances, i.e.,
the initial conditions for Eqs. (3), are deterministic. Under
this consideration we use the following definition of the
stochastic stability.

Definition
The trivial solution of Eqs. (3) is stable in the mean-square

sense if, for a given j>>0, there exists a d(v) >0 such that, for
any prescribed initial condition \xa(0)\ <<5, we have \E(xa(t)
Xp } \ <v for all />0 and a, /3= !,...,«, where E(...) denotes
the expected value (or the ensemble average).

As is well known, the power spectrum of a stationary
narrow-band Gaussian random process is very similar to that
of a harmonic function12 (see Fig. 2). Therefore, we expect
that the frequency response and stability criteria for structures
subjected to this kind of random loads have appearances
similar to their counterparts in the case of harmonic ex-
citations. In the next section, we present combination
resonance, subharmonic resonance, and stability criteria for
system (3), with r ( t ) as either a stationary narrow-band
Gaussian random process or a harmonic function.

III. Main Results
We discuss two separate cases (denoted by Sees. A and B,

respectively) in this section.

A. r(t) is a Stationary Narrow-Band Gaussian Random Process
In this case, we assume that the bandwidth Aco of the

significant portion of r ( / ) ' s power spectrum, S(co) is smaller

Therefore, 5 ( co ) is nonzero for coc — (Aco/2)<co<coc, -I- (Aco/2)
and- [coc. 4- (Aco/2)] <co< - [coc — (Aco/2)] with coc denoting
the central frequency, and S(co) is almost zero outside of this
range. For sufficiently small e we then have the following
combination resonance, subharmonic resonance, and mean-
square stability conditions, which are, however, valid only to
a first order of approximation in e.

Combination Resonance of the First Kind
If the sum of any two natural frequencies coa and co^ falls

within the significant portion of the power spectrum S(co),
i.e., if we have

Aco Aco
coc. - — <coa+co / 3<coc+ —

then resonance occurs, and the condition under which the
system can remain stable is§

for (4)

However, if Pa0P[3a<Q, then instability will not take place.
The system will not have resonance problem. As we know, if
the excitation force is conservative, the stiffness matrix is
usually symmetric. Hence, under this kind of loading, Pa(3P0a
is positive, and the designer should be careful about the
possibility of resonance of this type. On the other hand, if the
excitation force is nonconservative, the stiffness matrix is
usually nonsymmetric or, in many cases, antisymmetric.
Hence, under this type of loading, PapPpa can be negative,
and, if so, there will be no resonance problem of this kind. As
we will see in the next case, nonconservative forces can create
a different kind of combination resonance.

Combination Resonance of the Second Kind
If the difference of any two natural frequencies coa and co^

falls within the significant portion of the power spectrum
S(co) , i.e., if we have

Aco
coc - — < lcoa - c

Aco
I < coc. + —

then resonance occurs, and the condition under which the
system stays stable is

A A
a) r(i) = stationary narrow-band Gaussian random process.

A S (<**)

b)

0 e
Fig. 2 Power spectra of r(t).

(5)

However, if PapPpC(>Q, then instability will not occur. The
system will not have resonance problem. As we mentioned
before that if the excitation force is nonconservative, the
stiffness matrix is usually nonsymmetric or antisymmetric.
Hence, under this type of loading, PapPpa can be negative,
and the designer should be aware of the possibility of
resonance of this kind.

Subharmonic Resonance
If twice of any natural frequency coa falls within the

significant portion of the power spectrum S(co), i.e., if we
have

Aco Aco
uc- — <2coa<coc+ —

§See Appendix A for comparison of this and the next two stability
criteria with those given by Ariaratram.9
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then resonance occurs, and the condition under which the
system remains stable is

(6)

B. r(t)
For the purpose of comparison, some of the classical theory

of harmonic excitation is listed here. Detailed analysis of these
results can be found in the original papers of Mettler, 13

Schmidt and Weidenhammer, I4 Valeev,15 Hsu,16 '17

Weidenhammer, 18 and Fu and Nemat-Nasser.4'19'20

Combination Resonance of the First Kind
Similar to the case of the stationary narrow-band Gaussian

random excitation, if the sum of any two natural frequencies
coa and up equals the excitation frequency 6, i.e., if we have

then resonance occurs. The boundaries of unstable regions in
the 0, e-plane are defined by

=e0±-

where

( >0 and />„ /> ,„>0

where the double sign (i.e., ±) in the above equation refers to
the two boundaries of each region of instability. If

(7)

or PapPpa <0, then instability will not occur. The system will
not have resonance problem. Condition (7) is comparable
with Eq. (4) of the narrow-band random excitation. Fur-
thermore, similar to the case of the narrow-band random
excitation, the sign of PapPpa determines whether or not
resonance occurs.

Combination Resonance of the Second Kind
If the difference of any two natural frequencies o;a and up

equals the excitation frequency 6, i.e., if we have .

of PapPpa >0, then instability will not take place. There will
be no resonance problem. Condition (8) is comparable with
Eq. (5). Again, the sign of PapPpa decides whether or not the
resonance of this type occurs.

Subharmonic Resonance
If twice of any natural frequency ^a equals the excitation

frequency 0, i.e., if we have

then resonance occurs. The boundaries of unstable regions in
the 6, e-plane are described by

where

If

P2
A

-C2
- *^ rvrv

(9)

then instability will not happen. The system will not have
resonance problem. Condition (9) is comparable with Eq. (6)

IV. Analysis
In this section, analysis for random excitation is given. To

solve Eqs. (3) approximately by the method of the slowly
varying phase and amplitude,21 we first observe that when
e = 0, we have

which admits solutions of the form

where Qa and va are constants to be determined by the initial
conditions. In accordance with the method of the slowly
varying phase and amplitude, we then let Q(x and vn be slowly
varying functions of time /, when 0 < e <^ 1 , and write

(10)

(11)

then resonance occurs. The boundaries of unstable regions in
the 0, e-plane are defined by

where

and

Substituting Eqs. (10) and (11) into Eqs. (3), we arrive at

7T
Qa

where

(12)

(13)

If

(8)

Solving Eqs. (12) and (13), we obtain
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where Q°a and pjj are constants to be determined by the initial large
conditions, and

t
sin(wa (14)

Observing Eqs. (14), we immediately recognize that rja and £a
are time averages of functions (<£>a/coa)cos(coar + j> a) and
(v?a/w a)sin(co ar + j > a ) , respectively. Since e is a positive
quantity, for stability analysis we are only interested in the
sign of the quantity

I imi7 a =l im - \
/-oo /~oo / J O

cos(ooa (15)

In accordance with the method of the slowly varying phase
and amplitude when we perform integration, we treat phase
va and amplitude Qa [which are buried in <pa in Eq. (15)], as
constants. Keeping this in mind, we then are able to expand
the right-hand side of Eq. (15) in the power series of e as

lim (16)

with

de Uo

The justification for the above expression for higher order
terms, comes from the following identities22

i oo J .QO / r00

cosa)ardr = 0 I sincoardr= — I
0 Jo (j)n Jo

and

for wa = const ̂ 0 and k = integer

To see the property of 77 / a , we write down the expression for
17 /a more explicitly as

=lim r/-.» t Jo 2wa

(18)

Before going further, we introduce the following notation
for convenience

E{ (ria-ma ) (19)

where pa/3, pa/8, 7 , and 7a|8 are the correlation coefficients.
Using the properties of joint Gaussian distributions whose
parameters are defined in Eqs. (19), we find that

and

where

= ~et(ma +mp) +e2t2 - o^

+ cos[(coa — c (17)

Since r(0 is Gaussian, it is evident from Eq. (17) that TJ Ia is
also Gaussian. Similarly, if we expand

we realize that £ / a is also Gaussian. However, r?2a, l2tt,..., are
not Gaussian. Since r/ /a and £/a form the principal terms in
the series expansions, we may regard Jirn erja and lirn e£a as
almost Gaussian. As is shown in Appendix B, the departure
from this assumption involves terms of order e 3 and higher.

To discuss the stability in the mean square sense, we
examine the behavior of the following quantities as / becomes

and
A/,2 = -

T NX

Fig. 3 A rectangular plate subject to stationary narrow-band
Gaussian random forces.
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In view of the above expressions and because of the fact that
the correlation coefficients are bounded, i.e.,

it is now evident that E(xaXp }, a,/3 = !,...,«, as given by Eq.
(18), remain bounded as t tends to infinity, provided that

lim -
/— oo

then we have

lim

and

j > =
M

( +

lim

Hence, the stability condition (20), becomes

Retaining only terms up to the order of e, from Eqs. (16)-(18),
we reduce this stability condition to

(20)

where (...) stands for£{... ) .
Now let us define the autocorrelation function of r ( t ) by

R ( T j - T 2 ) = E ( r ( T j ) r ( T 2 ) } . This is related to the power
spectrum, S(w), by

7
2 '

( + )

which can be rewritten as Eq. (4). Since Caa and C^ are
positive and 5(co) is nonnegative for all w, the stability
condition is automatically satisfied when PapPpa < 0, in which
case the system remains stable without any additional con-
ditions. Similarly, if the difference of any two natural
frequencies, ua and co^, falls within the significant portion of
the power spectrum S(o>) , i.e., if cot. - (Ao>/2)< lo>a -
co^ I <co£.-f (Aw/2), a5^/3, a,/3= !,...,«, we obtain the stability
condition, (5). And if w c—(Aco/2)<2o) a <wc .4-(Aw/2),
a = 1,..., /7, we also arrive at the stability criterion (6).

2-7T J -
S(w)cosw(r 7 - r 2 )dw (21)

Using Eqs. (17) and (21) and interchanging the order of in-
tegration, we obtain

lim

(22)

where < 5 ( w ) is the Dirac delta function. Calculation for limv ' [~<x>
<?72a> is more involved algebraically. Nevertheless, the
procedure is straightforward. We therefore give only the
result, as follows

16 J -

(23)

Also, lim (172/3) nas tne same form as before (with in-
terchanging the indices a and /3) .

Now, the frequencies wa, a = /:,..., /?, can be anywhere in
the frequency domain. We shall discuss the combination
resonance of the first kind in detail, and the other two cases
can be treated in a similar manner. If the sum of any two
natural frequencies, wa and w^, falls within the significant
portion of the power spectrum, S(w) , i.e., if

Aw Aw^u c+-y

V. Example
To illustrate our results, we consider a flat rectangular plate

subjected to stationary narrow-band Gaussian random ex-
citations. Structural damping is included, and the plate is
assumed to be simply supported along its edges. Figure 3
shows the action of the forces. The linearized equation
describing the bending motion of the plate is given by

dw
8X2dY2 dY4 ~ D

(24)

where D = Eh3 /12(1 — v 2 ) is the flexural rigidity; h is the plate
thickness; v is Poisson's ratio; Eis Young's modulus; w is the
deflection of the plate in the z direction; 77? is the mass of the
plate per unit area; erj >0 denotes the structural damping; and
Nx is the excitation force. Nx is distributed along the edges of
the plate in the following way

in which N0 and N( are constants, b is the width of the plate,
and r ( t ) is a stationary narrow-band Gaussian random
process with zero mean value and its power spectrum is
denoted by S(w) . Again, the bandwidth Aw of the significant
portion of the power spectrum is assumed to be smaller than
the absolute value of the difference between any two natural
frequencies of the plate. Now let us set the solution form as

irX (3irY
sin——sin——

ab a b
(25)

which satisfies the boundary conditions. Substituting Eq. (25)
into Eq. (24) and applying Galerkin's variational method, we
obtain the following system of ordinary differential
equations:

(26)
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0?

32N0

9a2m

0

32N(

9a2m

in which V^ir2^^2) + ((32 / b 2 ) ] ( D / m ) l/2, p = 1,2. Notice
that both matrices A and Pare symmetric. This is because the
excitation force Nx is conservative. Equations (26) can be
transformed to

32N0

~ 9a2m

QJ

32N,
9a2m

(27)

where

2N(N0(32/9a2m)
[ (0 j - Of, ) 2 + (64N0/9a2m) 2] 1

; -Q2)±i(Q2-Q2)2+(64N0/9a2m)2}l/2]
2N0 (32/9a2m) (64N0/9a2m)2 } l/2

Since {22>l}j, it is easy to check that f /<0 , t>2>0. Con-
sequently, we have P12P2i = v](-v2)>0. Equations (27) are
linear differential equations with stationary narrow-band
Gaussian random coefficients. Results presented in Sec. Ill
can be directly applied here without any difficulties. Since
P12P.2i >°> we have the following conclusions:

1) I f w c - (Aw/2)< ( w 7 + w 2) <coc + (Aw/2) , then the
condition under which the plate remains stable (in the mean
square sense) is

m

2) I fw c - (Aw/2)< I w 2 - w ; l <w c + (Aw/2), the plate will
remain stable without any additional condition.

3)Ifcoc- (Aw/2)<2wa<wc + (Aw/2), a =1,2, then mean-
square stability condition becomes

_1
m

Appendix A
In this appendix, we will compare our stability criteria in

random excitation, i.e., conditions (4-6), with Ariaratnam's
results.9 Since three criteria are similar, we will compare
combination resonance of the first kind here. Two other
criteria can be treated in the same way.

In terms of our notation, Ariaratnam's criterion for
combination resonance of the first kind is

From the fact that (Caa - C&& ) 2 >0, we know that

(Al)

Since Caa and are positive, Eq. (Al) is equivalent to

Caa -h C^

Hence we can see that the stability condition (4) is more
conservative than Ariaratnam's result. However in ap-
plications the values of Caot and C0ft are often small and very
close to each other, i.e, Caa^C&&. Hence, the difference
IQ«a ~cw I is verY small so that (Caa -C0f3)2 is of the order

of e2 or even higher. This implies that, in most practical cases,
(Caa — C^) 2 « 0, which is equivalent to

Appendix B
Here we shall prove the following: If Zj is a Gaussian

random process, and z2 is non-Gaussian, then for 0 < e < l ,
ez = ezi +e2z2+0(e3) is, up to the second order of ap-
proximation in e, Gaussian.

To prove this statement, we let the characteristic function
ofezbe

which may be expressed as

, (w) =

(Bl)

On the other hand, we have

Comparing Eqs. (Bl) and (B2), we conclude that

(B2)

(B3)

Since z/ is Gaussian with mean mz and variance a2 , we have

(B4)

From Eqs. (B3) and (B4) we obtain

$2 (co) «exp{/co(e/wz / +e2
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where mz2=E[z2 ) • Thus, the random process ez is Gaussian
with the following mean and variance
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